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Flutter Analysis Using Nonlinear Aerodynamic Forces

T. Ueda* and E. H. Dowellf
Princeton University, Princeton, New Jersey

The nonlinear effects of transonic aerodynamic forces on the flutter boundary of a typical section airfoil are
studied. The flutter speed dependence on amplitude is obtained by utilizing a novel variation of the describing
function method which takes into account the first fundamental harmonic of the nonlinear oscillatory motion.
By using an aerodynamic describing function, traditional flutter analysis methods may still be used while in-
cluding the effects of aerodynamic nonlinearities. Results from such a flutter analysis are compared with those
of brute force time-marching solutions. The aerodynamic forces are computed by the LTRAN2 aerodynamic
code for an NACA 64A006 airfoil at Mx = 0.86.

Nomenclature
A ( ), AL, AM = indicial response functions
a = distance of elastic axis from midchord;

percent semichord, positive downstream
b = semichord length
CL = nonlinear lift coefficient
CM —nonlinear moment coefficient about

midchord
CMC — nonlinear moment coefficient about elastic

axis
c = full chord length
DL,DM — components of describing function
F = output of describing function
G = structural transfer function
H = nonlinear aerodynamic transfer function
H = aerodynamic describing function
h = plunging displacement of elastic axis

(positive down)
hc = plunging displacement of midchord

(positive down)
7a = moment of inertia per unit span about

elastic axis
k = reduced frequency, cu/u
L = lift force
M = moment force about midchord (positive

nose-up)
MOO = Mach number of uniform airflow
m = mass per unit span
R = uncoupled frequency ratio, co/, /coa
ra = dimensionless radius of gyration about

elastic axis (based on semichord);
ri=rl%+ (xcg-a)2

rcg = dimensionless radius of gyration about
center of gravity (based on semichord)

Sa = static unbalance
s = dimensionless variable of Laplace

operator; 5 = ik for harmonic oscillation
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Superscripts
T
C)

= dimensionless airspeed,
= dimensional airspeed
-distance of center of gravity from mid-
chord; percent semichord, positive
downstream

= pitching displacement
= mass ratio, m/irpb2

- air density
= dimensionless time, ut/c
- effective induced angle of attack; see Eq.
(1)

= amplitude of </> oscillation
= uncoupled circular frequency of the airfoil
in plunging and in pitch, respectively

= transpose of matrix
= quantity associated with describing func-
tion

= d/df
= quantity in the subsidiary domain of
Laplace operator

I. Introduction

RECENT developments in computational aerodynamics
have led to renewed interest in the prediction of flutter

boundaries of an airfoil in the transonic flow regime.1"3 To
date, flutter calculations have either assumed the transonic
aerodynamic forces could be approximated as linear functions
of the airfoil motion so that traditional linear flutter analysis
methods could be used, or, alternatively, taken a brute force
approach by simultaneously numerically integrating in time
the structural and aerodynamic equations. The latter method
does, of course, fully account for aerodynamic nonlinearities.

Ballhaus and Goorjian1 calculated the aeroelastic response
of an NACA 64A006 airfoil with a single-degree-of-freedom
control surface by simultaneously integrating numerically in
time the structural equation of motion and the aerodynamic
equations. They used their own code, LTRAN2, for unsteady
transonic flow. The indicial method, whereby an aerodynamic
impulse function is first calculated by the aerodynamic code
and then used in the flutter calculation via a convolution
integral, was also studied. The indicial method assumes
linearity of the aerodynamic forces with respect to airfoil
motion. The flutter of the same airfoil, but with two degrees
of freedom, was analyzed by Yang et al.2 with aerodynamic
forces obtained by three different methods. These forces were
obtained by the time-integration method, the indicial method
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Fig. 1 Typical section airfoil.

(both of these employed the LTRAN2 code), and the har-
monic analysis method in the frequency domain using the
UTRANS2 code. The latter method also assumes linearity of
the aerodynamic forces. In general, all three methods agree
well for the range of parameters studied by Yang. After the
flutter boundary was obtained, the response was confirmed,
near the flutter boundary by simultaneous time integration of
the governing structural and aerodynamic equations. Isogai3

studied the transonic behavior of the NACA 64AGIO airfoil
by using his own USTS transonic aerodynamic code which
can be applied to supercritical Mach numbers for reduced
frequencies, 0<k<1.0. (By contrast, the aerodynamic
methods used by Yang were limited to small k.) Isogai used
the time-integration method for evaluating the aerodynamic
forces, but then converted them to linearized harmonic forces
for the flutter calculations. See Yang et al.4 for further
discussion of previous work on flutter calculations, including
other investigators who have used brute force, simultaneous
numerical integration of the structural and aerodynamic
equations.

A discussion of when the aerodynamic forces may be
treated as linear in the airfoil motion is given in Ref. 5. The
analyses of Refs. 2 and 3 described above assumed linear
characteristics for the aerodynamic forces in the flutter
calculations. Linearity can be assured if the amplitude of the
airfoil oscillation is sufficiently small,5 even though the
governing fluid equations are inherently nonlinear for
transonic flowfields. Yang et al.2 fixed an amplitude of
pitching motion at 0.01 rad (0.574 deg), whereas Isogai3 used
0.1 in degrees for the computation of the aerodynamic forces.
Dowell et al.5 pointed out that increasing the value of the
reduced frequency increases the range of amplitude of
oscillation for which linear behavior exists in transonic flow.
However, the aerodynamic forces often begin to deviate from
linear behavior for amplitudes of relatively small value, such
as 1.0 deg in pitching motion. Such amplitudes may be at-
tained due to the disturbances an aircraft wing encounters
during its flight. It is of importance, therefore, to clarify the
aerodynamic nonlinear effect on a flutter boundary,
especially when the nonlinear effect may create an aeroelastic
softening system, i.e., the flutter speed decreases as the
amplitude of oscillation increases. Such softening behavior
may cause a dangerous unconservative estimation of a flutter
boundary by linear analysis.

Herein we study the nonlinear effect of transonic
aerodynamic forces on a flutter boundary by utilizing a novel
variation of the describing function method,6 which takes
into account the first fundamental harmonic of the nonlinear
oscillatory motion. By using an aerodynamic describing
function, traditional flutter analysis methods may still be used
while including (approximately) the effects of aerodynamic
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Fig. 2 Block diagram of typical section airfoil system.

Fig. 3 Aerodynamic describing function.

nonlinearities. Brute force time-marching calculations are
also done for comparison purposes.

The method used to calculate the describing functions is
briefly outlined as follows. A step change in angle of attack is
specified and the transient aerodynamic force time history
(calculated numerically by an appropriate aerodynamic code)
is identified as a nonlinear impulse function. The Fourier
transform of this impulse function (which in general depends
upon the step input level or amplitude) is taken as the
aerodynamic describing function. Calculations have shown
that this describing function agrees very well with the one
determined by using a harmonic angle of attack input to the
aerodynamic code. The latter method of calculation is, of
course, much more expensive and time consuming for the
range of frequencies needed in flutter analysis. The LTRAN2
computer code is used for determining the aerodynamic
forces. However any other nonlinear code could be used in a
similar fashion.

II. Typical Airfoil Section
A typical section airfoil subjected to transonic flow is

considered as shown in Fig. 1. This system is characterized
mathematically by the block diagram depicted in Fig. 2 where
G and H are the structural and aerodynamic transfer func-
tions, respectively.

Since it can be assumed that the structural deformation is
linearly dependent on the aerodynamic load for wings of
ordinary modern aircraft during its normal flight, a linear
structural transfer function is used. The aerodynamic forces,
however, may depend in a nonlinear manner on the structural
deformation in the transonic flow range.5 In order to include
the nonlinear effect of large(r) amplitudes of motion on the
aerodynamic forces and, hence, on a flutter boundary, we use
a nonlinear aerodynamic transfer function by employing the
describing function method.

III. Aerodynamic Describing Function
Herein we give a summary of the relevant standard

describing function results and place the present method in
context.

If we assume that the frequency of motion is relatively low,
the aerodynamic forces due to the airfoil motion can be
approximated as a function of the effective induced angle of
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Fig. 4a Indicial responses computed by LTRAN2 and exponential
curve fit, lift.
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Fig. 4b Indicial responses computed by LTRAN2 and exponential
curve fit, moment.

attack which is given by

(1)

This quasisteady approximation is compatible with the low-
frequency assumption in the LTRAN2 transonic unsteady
aerodynamic code which we use in the present flutter
calculation. Taking into account the nonlinear effects of the
amplitudes of motion, we assume the aerodynamic forces in
the form:

(2)

(3)

where C^, CM are functional of <£,</>, i.e., they may, in
principle, include the complete time history of <£ and </>.

For general periodic time-dependent motion, the effective
angle of attack </> can be expanded in a Fourier series as

</>o /,/! cos (71/1:7)+^ sin (/i ATT)] (4)

According to the describing function method only the first
harmonic of 0 is taken as an input to the aerodynamic force
transfer function, i.e.,

(5)

This input motion generates aerodynamic forces through the
nonlinear element H which, in general, include higher har-
monics. Thus,

(6)

] (?)
The describing function method, however, repjaces the
nonlinear element H by another nonlinear element H with the
property that it operates on any sinusoidal input, Eq. (5), by
passing its fundamental frequency in exactly the same manner
as //; however, whatever the input frequency k, H generates
no higher harmonics. This replacement allows us to write

C?(<t>,j>)=CL/](<i>I)cos(kT)+CLR1(<t>1)sm(kT)

= DLR(<l>l)<l> + DLl(<t>l)i>/k (8)

where

DLR = ~r \ ' C{f(0,0)siR TT^j JO

7T</>;

DMR = -— \ ^
K 7T0/ JO

D"i = -T- t '7 7T0; JO

(9)

(10)

(11)

(12)

(13)

Using complex notation for Eqs. (8) and (9) yields a more
compact result, i.e.,

(14)

(15)

where

=DLR+iDLf

DM](<t>1)=DMR+iDMf

(16)

(17)

In Eqs. (14) and (15), the coefficients C£ and C% also have
complex values whose real parts correspond to Eqs. (8) and
(9), respectively.

If the amplitude </>/ is fixed, then Eqs. (14) and (15) take a
form identical to that for a linear system. This implies the
applicability of the same stability analysis as that for a linear
system.

The coefficients defined in Eqs. (10-13) to construct the
describing function can be computed by the time-integration
code for transonic flow. It is also possible to evaluate them
from wind tunnel experimental data measured on a har-
monically excited airfoil. In the present study we utilize an
extended nonlinear version of the indicial method1 to
calculate the aerodynamic coefficients.



104 T. UEDA AND E. H. DO WELL J. AIRCRAFT

a)

TIME INTEGRATION METHOD
USING LTRAN2 WITH SIMPLE
HARMONIC MOTION INPUT

EXTENDED NONLINEAR INDICIAL
METHOD FOR DETERMINING
AERODYNAMIC DESCRIBING FUNCTION

0.1 02
REDUCED FREQUENCY K

0 3 b)

o 0.25°
A 0.5*
+ 1.0*

J TIME INTEGRATION METHOD
! USING LTRAN2 WITH SIMPLE
) HARMONIC MOTION INPUT

• EXTENDED NONLINEAR INDICIA^
METHOD FOR DETERMINING
AERODYNAMIC DESCRIBING FuN

C) 01 02
REDUCED FREQUENCY k

j TIME INTEGRATION METHOD
/ USING LTRAN2 WITH SIMPLE
' HARMONIC MOTION INPUT

EXTENDED NONLINEAR INDICIAL
METHOD FOR DETERMIN/NG
AERODYNAMIC DESCRIBING FUNCTION

0.1 0.2
REDUCED FREQUENCY

j TIME INTEGRATION METHOD
\ USING LTRAN2 WITH SIMPLE
' HARMONIC MOTION INPUT

EXTENDED NONLINEAR INDICIAL
METHOD FOR DETERMINING
AERODYNAMIC DESCRIBING FUNCTION

O.I 02
REDUCED FREQUENCY k

03

Fig. 5 Comparison of extended nonlinear indicia! method with time-integration method (NACA 64A006, Af«, = 0.86).

Since the describing function assumes the same form as a
linear transfer function when the amplitude is fixed, we can
regard the element //0 (shown in Fig. 3) as a linear system
with respect to variations in frequency.

(18)

This relation corresponds in the subsidiary (effectively
frequency) domain of the Laplace operator to the following:

F(s)=ff(s,<t>1) s — ik (19)

If we put & = 0, then Eq. (19) represents an indicial response
relationship.

—s
(20)

By using Eq. (20) we can obtain the describing function,
ft<t>(ik, < / > / ) , fr°m tne indicial response to a step input with
amplitude 07. Furthermore, if we neglect the effect of higher
harmonics, an assumption already made in the describing
function method, then H^(iky 0 / ) can be approximated by
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Table 1 Comparison of flutter solution results UNSTABLE

Present method

Yangetal.9

07, deg

0.125
0.25
0.5
1.0

Indicial
method

Relaxation

u/bua

3.42
3.43
3.48
3.69

3.60
3.89

kF

0.128
0.128
0.125
0.124

0.135
0.105

Classical subsonic
Linear theory

(NACA 64A006, Moo-0.86,
M=100.)

3.89 0.130

7= -0.5, xCR=0.0,

using the indicial response A (s,$l) of the element //as

(21)

For a linear system, starting from Eq. (18) one may proceed
through Eqs. (19-21) and vice versa by standard mathematical
methods. However, as the careful reader will note, this is not
strictly possible for a nonlinear system, i.e., Eqs. (19) and (20)
follow from Eq. (18) only by analogy to linear system results.
Indeed we may take Eqs. (18) and (21) [or Eq. (20)], as two
independent definitions of H(ik,<t>i )> the describing function
which will be used in the flutter analysis. However, by
numerical example, we will show that, in fact, the two
definitions lead to similar results. This is fortunate, because
the less obvious definition, Eq. (21), is far easier to use in
practice for generating aerodynamic forces to employ in
flutter calculations.

IV. Working Form of the System Equations
The governing structural equations of the system are given

in nondimensional form by

(23)

From Eqs. (22) and (23), the structural transfer function for
the state vector, [ ( h / c ) a ] T, is

G~!(s,U) = (24)

As to the aerodynamic describing function, we first assume
the indicial response A (r ,</>7) to a step change in </> [Eq. (21)]
can be expressed in the following form for the lift and
moment forces:

N

< > ^ T (25)

(26)

where a^ and aff are chosen to be identical to the steady-state

0.2

0.1 GROWING SOLUTION
DECAYING SOLUTION
INITIAL AMPLITUDE

0.2

O.I

—— PRESENT RESULTS
—— WITHOUT d EFFECTS

IN AERODYNAMICS

AMPLITUDE <f>t

Fig. 6 Flutter boundaries vs amplitudes; NACA 64A006, A/a
= 0.86, a = - 0.3, jccg = 0.2, r2

cg = 0.24, R = 0.2, fi = 60.

values for </> = </>/, since every £, is chosen to be a negative real
number. The coefficients a\, a1-1 are determined by the least-
square method for fixed values of bf. The bf are selected to be
in the vicinity of the negative of the k values for which the
imaginary parts of the aerodynamic transfer function have
extrema. This procedure for selecting the b( is discussed in
detail in Ref. 7.

After determining the coefficients in Eqs. (25) and (26), the
indicial response functions can be written in the subsidiary
domain of the Laplace operator (frequency domain) as

aL
0 (27)

(28)

Then, from Eq. (21), the aerodynamic describing function is
obtained for the state variable <t> as

= [DL.(ik,<t>l)DM(ik,<l>l) ]

where

(29)

(30)

(31)

In order to construct the aerodynamic describing functions so
that they are compatible with the structural transfer function,
we must transform <t> and Cj/ to those variables used in the
structural equations of motion. The relationships for the state
vectors and the moment coefficients are as follows:

-CN

2 L

(32)

(33)
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Fig. 7 Time history of time-marching solutions.
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Fig. 8 Limit cycle oscillations; NACA 64A006, A/oo=0.86,
a = -0.3,*cg = - 0.25, r^g = 0.24, /? = 0.1,/* = 60.

As the aerodynamic describing function //(/&,<£/) is
defined by

using Eqs. (30-34), it becomes

(34)

H(ik,<t>J) =
27 22

(35)

where

A21=DL]( ik, <t>i ) i M] ( ik, 0, ) ik

A22=DL]

= DLR(<t>1)4>+DLl(<t>l)j>/k
Using the structural transfer function, Eq. (24), and the
aerodynamic describing function, Eq. (35), a self-sustained
oscillation of the system shown in Fig. 2 is characterized by

the equation

\G-1(ik,U)-H(ik,<l>1)\=0 (36)

Equation (36) corresponds to the so-called flutter determinant
if the system is linear. For the present nonlinear system, Eq.
(36) allows one to determine the amplitude of the flutter
motion as a function of some system parameter, say airspeed,
speed.

V. Extension of the Describing Function
In Sec. Ill, we assumed the aerodyanamic forces can be

given as functions of a single variable, </>. More rigorously,
however, the upwash of the mean camber line of an airfoil is
given by

- - = « + — (x/c-0.5)u u (37)

where the airfoil is located on O^jc^c. The second term in
Eq. (37) includes the effect of the angular velocity of the
airfoil motion, a. If we take into account this aerodynamic
effect in the flutter analysis, the aerodynamic describing
function must be determined separately for h and a motion,
or alternatively for 0 and a. Moreover, this procedure makes
the describing function method less obvious as to its
theoretical basis. Neglecting the effect of a, however, we
encountered fictitious instabilities at high frequencies, as well
as a decrease of flutter speeds. To eliminate this artifact, an
improvement was made to the aerodynamic describing
function by adding the component that is derived from the
second term of Eq. (37). This is based on the assumption that
the a. effect compared to <t> is generally secondary for the
aerodynamic forces at low reduced frequencies, k, where
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Fig. 9 Time history of limit cycle flutter; £7 = 0.6, <£/ =0.355 deg,
kF = 0.089, \(h/c) / a I = 14.4,1>ha = 49.7 deg.

nonlinear transonic aerodynamic effects are most significant.
Thus, the components of the describing function, Eq. (35),
are redefined by

A]2=AJ2-DL2(ik)ik
(38)

A22=A22+DL2 (ik)ik

where A12 and A22 on the right-hand side of Eq. (38) are those
of Eq. (35). DL2 and DM2 are the components obtained from
an indicial response of the second term of Eq. (37). For
brevity, details are omitted.

VI. Results and Discussions
Aerodynamic Results

All of the original aerodynamic data in the following were
computed by the LTRAN28 code for an NACA 64A006
airfoil with Mach number set to M00=0.86 where charac-
teristically transonic effects can be observed. Results were
also calculated for an NACA 64AGIO airfoil, but these are
omitted here. The zero-angle-of-attack, steady-state shock
stands roughly at midchord.5 In this calculation a 113x97
finite difference mesh was employed. The nondimensional
time increment, AT, for integration was selected at Tr/12 to
obtain indicial responses. The lift and moment forces at every
five time increments were used to evaluate the coefficients in
Eqs. (25) and (26). In order to compare the aerodynamic
forces with those obtained by the present extended nonlinear
indicial method, the time integration for the airfoil un-
dergoing harmonic excitation of pitching motion about
midchord axis was also performed with 120 time steps per
cycle at various reduced frequencies. The latter results [using
Eq. (18)] were compared to those obtained by the indicial
method using the Laplace transform versions of Eqs. (25) and
(26) which derive from Eq. (21). In general, good agreement
was obtained.

The indicial response to step functions of different am-
plitudes, </>/, are shown in Fig. 4. Generally, in this type of
indicial response, a spike should appear near r = 0. However,
the low-frequency theory of LTRAN2 can not follow a piston-
wave-type pressure change because of its infinite propagation

rate.1 Hence, in the present calculations the lift coefficient
increases gradually from zero at r = 0.

In the results of Fig. 4, the curves prescribed by Eqs. (25)
and (26) are also shown after the coefficients were determined
by the least-square method using 64 time data points for the
indicial response at each amplitude. b\ and b1-1 are selected at
six values (7V=6): -0.01875, -0.0375, -0.075, -0.15, -
0.3, and -0.6. These results, obtained from Eqs. (25) and
(26), are in excellent agreement with the indicial responses
computed by the LTRAN2 code, especially for the lower
amplitude values of step inputs. Using the coefficients a\, a?*,
and Eq. (21) we can obtain the elements of the aerodynamic
functions, DLj ( /&,</>/) and DM] (ik, < /> 7 ) as shown in Fig. 5.
They are plotted for reduced frequencies up to 0.3. Although
the describing function for higher frequencies can be
calculated by Eqs. (30) and (31), they are no longer
meaningful at those frequencies because of the low-frequency
limitation8 in LTRAN2.

In Fig. 5, the describing functions thus obtained are also
compared with the results of the time-integration method for
simple harmonic motion inputs which use Eqs. (10-13) [also
see Eq. (18)]. The agreement between the two methods is
generally satisfactory. However, it is seen that the agreement
is better for smaller rather than larger amplitude, for lift
rather than for moment, and for real part rather than for
imaginary part. It should be emphasized that the extended
nonlinear indicial method has substantially greater simplicity
and efficiency, as compared to the time-integration method
for simple harmonic motion inputs, in determining the
aerodynamic describing function.

Flutter Results
Some flutter calculations have been done using these

aerodynamic describing functions for typical section airfoils.
First, the parameters of a typical section airfoil were chosen to
compare with the results by Yang et al.9 A comparison is
made in Table 1. The flutter boundary calculated by the
present method for an amplitude </>7 between 0.5 and 1.0 deg
agrees well with that obtained from the linear indicial method
by Yangetal.

To investigate the amplitude effect on the flutter boundary,
a typical section airfoil corresponding to case B in Ref. 3 was
considered next, although the results cannot be compared
directly with those in Ref. 3 due to the use of a different
airfoil profile. The results of the flutter speed, as well as of the
reduced-frequency, bending/torsion amplitude ratio and
phase, are shown in Fig. 6. Those without the 'a effect are
depicted by dashed curves. In this case, the effect of angular
velocity on flutter boundaries was very small.

As the aerodynamic describing function method invokes
several assumptions, a fully nonlinear time-marching solution
was computed to verify the above results. The numerical
integration scheme adopted for structural equations is the
state transition matrix method which Edwards et al.10

recommended after examining seven different integrators for
a similar calculation (see Refs. 10, 12).

Three time-marching calculations with different speed
parameters have been carried out for the case shown in Fig. 6.
The initial state vector was determined from the flutter
solution of the describing function method with c/>7 =0.5 deg,
namely, t/F = 0.1798, ^ = 0.2126, \ ( h / c ) / & \ =5.446, and
(t>ha=4.24 deg. If we choose the initial time, r = 0, as the
instant when ' a. = 0, the flutter solution gives the initial state
vector for the time marching as x = (0.03164, 0.00583,
-0.00049, O)7. The time increment for integration was
selected as AT = 0.25 which, when considering the flutter
reduced frequency, corresponds roughly to 120 steps per
cycle. Although the initial state vector is determined from the
describing function flutter motion, the time marching is
started from a steady-state initial condition of the airfoil at a
static angle of attack for the aerodynamic calculations. For
example, the initial effective induced angle of attack becomes



108 T. UEDA AND E. H. DO WELL J. AIRCRAFT

0.305 deg for this case. It should be noted that the second term
of Eq. (37) vanishes at the initial upwash, since the starting
time is set at the instant when the angular velocity becomes
zero. The time marching is continued up to r = 250, which
contains 1000 time steps. The variations of the amplitude 07
of these solutions are shown in Fig. 6 and the time histories in
Fig. 7. At £7=0.16, the airfoil shows decaying motion,
whereas the oscillation is growing at (7=0.2. At £7=0.19, the
oscillation is almost neutral although it is slightly growing.
The changes of the peak values in the effective angle of attack
of these oscillations are illustrated in Fig. 6. The solid curve
shows the flutter boundary obtained by the describing func-
tion method. In this case, the flutter boundary is nearly
horizontal at small amplitudes. As can be seen from the
figure, the results from the describing function method agree
well with those of the time-marching solution. Furthermore,
the last cycle of the time-marching solution at £7=0.19 gives
the values of 0, =0.723, £ = 0.212, \(h/c)/a\ =5.18, and
(j>ha — 5 deg. The agreement of these values with the results in
Fig. 6 is excellent. It should be noted that the damping in the
time-marching solutions is attributed to the aerodynamic
forces since we use no structural damping nor artificial
damping due to numerical integration schemes. It is known
that the transition matrix integrator gives exactly neutral
solutions for free structural vibration, irrespective of its time
step size.

Since the nonlinear effect is most important at relatively
low reduced frequencies (see Fig. 5), the center of gravity was
next placed at ;ccg = -0.25 and the frequency ratio at R = 0.1
in order to obtain a distinctly nonlinear effect. The results are
shown in Fig. 8. On those portions of the curve where am-
plitude increases with airspeed, a stable nonlinear limit cycle
is predicted. On those portions of the curve where amplitude
increases with decreases in airspeed, an unstable limit cycle
occurs.

Further time-marching calculations have been performed to
confirm the limit cycle. The initial state vector to start time
integrations is varied proportionally to that of the flutter
solution of the describing function method with the amplitude
07=-0.25 deg, which gives jc = (0.04353, 0.00562, -
0.005726, 0)r for </>, =0.25 deg. This state vector yields the
effective induced angle of attack, - 0.0063 deg, at r = 0. Since
the reduced frequencies of flutter are about 0.1 for small
amplitudes, the time step size of integration was chosen as
Ar = 0.5.

As the solid curve of the describing function in Fig. 8
anticipates, the limit cycle flutter is also shown by the time-
marching solutions for small amplitudes. The amplitudes,
reduced frequencies, amplitude ratio, and phase angles of
these limit cycle oscillations were also calculated from the
time history of the solutions and are depicted with open circles
in the figure. Convergence to the limit cycle is determined by
changing the initial amplitude. For example, the time history
with two different initial amplitudes at £7=0.6 is shown in
Fig. 9. Both oscillations converge to the same limit cycle with
the amplitude < / > / = 0.355 deg beyond r = 400. However the
average displacement for the h motion at least up to r = 500 is
different for the two initial conditions. This slow convergence
for the average displacement to the neutral position may be
attributed to the small frequency ratio R, which implies weak
stiffness of the structure against the h motion. It should be
noted that the average translational displacement of an airfoil
has no effect on the aerodynamic forces.

The results of the time-marching solution can be compared
with those obtained by the describing function method in Fig.
8. For small amplitudes, the agreement of the results is
satisfactory. The reduced frequency of the limit cycle by the
time-marching solution, however, decreases as the flutter
amplitude increases, while the describing function method
predicts monotonically increasing reduced frequencies.
Further, the time-marching solution shows stable limit cycle
flutter up to the speed of £7=0.7, whereas the describing

function method predicts no stable limit cycle solution above
(7=0.58. At £7=0.75 and 0.8, the time-marching solutions
with the initial amplitude of (/>/ =0.5 deg, are terminated by a
numerical instability of the aerodynamic calculations. The
peak values of 0 just before the occurrence of the instability
are plotted with the symbol x. This kind of difficulty was
frequently encountered when we used an initial amplitude of
more than 0.5 deg in the time-marching calculations. Possibly
for this reason we failed to detect the divergent unstable limit
cycle flutter with larger amplitudes which is predicted by the
describing function method.

VII. Concluding Remarks
An extended nonlinear indicial approach to modeling

nonlinear aerodynamic forces for aeroelastic analyses has
been developed. The basic approach is based upon describing
function ideas.

The flutter boundaries obtained by the describing function
method are generally verified by time-marching solutions for
sufficiently small-amplitude flutter motion. Hence, the
former, less costly method is useful for determining the
significance of initial departures from linear behavior. More
specific conclusions are as follows.

1) Generally the accuracy of the describing function
method decreases as the amplitude of the motion increases.
However, the describing function method is a powerful tool
to predict the characteristics of transonic flutter, since it
requires a very small amount of computation time for the
aerodynamic forces compared to time-marching solutions.

2) The stable nonlinear limit cycle flutter predicted by the
describing function method is also observed in the time-
marching solutions.

3) The component in the upwash distribution due to the
angular velocity a airfoil motion cannot always be neglected
even though the aerodynamic code has a low-frequency
limitation. Sometimes its neglect causes a fictitious flutter
instability of the a motion at high frequencies.

4) The a effect is properly taken into account by the total
describing function decomposition into (/> and a components.

5) The nonlinear behavior with the large amplitudes,
0>0.5 deg, could not be obtained by the time-marching
solutions due to a numerical instability in the aerodynamic
calculations (even when a effects are included).

For an alternative suggestion for achieving the same goals,
the reader is directed to Ref. 11; also, the recent work of
Bland and Edwards12 should be cited. They deal with the
important effects of airfoil shape and thickness (although not
nonlinear dynamic effects per se) in a manner similar to that
of the present paper.
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